We compute the dispersion laws of chaotic periodic systems using the semiclassical periodic orbit theory to approximate the trace of the powers of the evolution operator.
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As is well known, the quantum motion of electrons in periodic potentials gives rise to energy bands. A precise determination of the density of states is necessary in order to obtain an appropriate description of the elementary physical properties, like the transport and magnetic properties. However, a direct calculation of the dispersion laws is in general difficult, in particular if the underlying classical dynamics is chaotic.
The purpose of this letter is to consider the band structure of classically chaotic periodic systems from the point of view of periodic orbit theory. In this approach, the trace of the evolution operator -which can be related to the density of states -is expressed, in the semiclassical limit, as a sum over classical periodic paths [1, 2] . As shown below, the dependence of the dispersion laws on the quasimomenta (or Bloch angles) is related to the winding numbers of the periodic orbits (p.o.'s) around the elementary cell. Trajectories with winding numbers different from zero are associated to open diffusive processes through the periodic lattice. However, in some cases these processes are classically forbidden, or not well described by the real p.o.'s.
The relevant features of the band structure can however be recovered going one step beyond this approximation by including some tunneling effects in the semiclassical trace formula. This is done by taking into account the complex p.o.'s (by complex or ghost p.o.'s we mean the periodic solutions of Hamilton's equations having at least one complex phase-space coordinate).
Moreover, the inclusion of ghost orbits extends the range of validity of the semiclassical approximation. As an illustration, at the end of the Letter we will present an example in which, in spite of being far from a classical behaviour, we are able to compute the (quasi-)energies as a function of the Bloch-numbers (and hence the transport properties of the system) in terms of complex p.o.'s, while only taking into account the real p.o.'s gives a very crude approximation to the true solution.
In the standard WKB theory -valid for integrable systems -complex classical paths have been used in the past in different contexts, as in the study of the band structure of one-dimensional periodic potentials. To our knowledge, the existence and relevance of ghost orbits in the semiclassical trace formula was pointed out for the first time in [3, 2] . More recently, these orbits were studied in more detail in Refs. [4, 5] in connection to the trace of the evolution operator of the kicked top and the standard map, respectively. Here, we also consider a dynamics described by a discrete (chaotic) map, inspired by the study of the motion of an electron in a two-dimensional periodic potential in the presence of a uniform and constant magnetic field perpendicular to the crystal plane. For a strong magnetic field, the lowest Landau level approximation leads to the motion of a 1D-particle whose phase space is a 2D-torus T . If
Planck's constant is rational, h = M/N, then the corresponding evolution operator U is doubly periodic and its spectrum is made of N bands ǫ α ( θ) given by
For simplicity, in the following we take M = 1 and T will be of unit length in both directions. The Bloch parameters θ = (θ 1 , θ 2 ) are associated to generalized periodic
In order to mimic the motion of the electron as the magnetic field is lowered, we consider
, which leads to a discrete map on the
where (q j , p j ) ∈ [0, 1[ 2 are the phase-space coordinates of the particle at time t = jτ while f and g are two smooth functions of period one. One can interpret the two integers
(square brackets denote integer part) as the winding numbers of the orbit around the torus for the iteration (q i , p i ) → (q i+1 , p i+1 ) in the q and p directions, respectively. As we shall see in the following these two integers -which arise from the toroidal topology of phase space by the identification of points differing by an integral number of phase-space cells -play a crucial role in the semiclassical interpretation of the bands (see also Ref. [6] ). Quantum mechanically the map is implemented by the one-step evolution operator
In order to make explicit the dependence on the parameters θ, instead of U we consider the operatorŨ( θ) which is obtained from Eq. (2) by making the substitutionsq →q +hθ 2 , p →p +hθ 1 [7] . Then the dispersion laws ǫ α ( θ) are given by the roots
where a N ( θ) = 1 by construction. The coefficients of the characteristic polynomial (3) can be obtained from the trace of the first N powers ofŨ through the formula
The interest of (4) comes from the fact that in the semiclassical limit N → ∞ the trace of the powers ofŨ can be computed in terms of a finite number of classical p.o.'s (which are assumed to be isolated) [1, 8] . In our case, by considering the special topology of phase space, we get
In this formula the sum extends over all the real p.o.'s of the map (1) whose period T is an integer fraction of n, w p and w q are the total winding numbers of the p.o.,
S is the classical action of the p.o.
is the monodromy matrix (related to its stability) and ν is the number of negative eigenvalues of the 2n × 2n matrix (assumed to be non singular):
The information concerning the band structure (i.e., the dependence on θ of the dispersion laws) is thus recovered, semiclassically, through the factor exp (i (w q θ 1 + w p θ 2 )). This factor, which is different from zero for open diffusive p.o.'s, can be interpreted for each θ as a unitary representation of the homotopy group of T . The fact that the representation of that group appears in tr (Ũ n ) when one deals with path integrals (or their discrete equivalent) in multiplyconnected spaces is well known [9] .
Because U is a unitary operator, the coefficients in Eq.(3) satisfy the self-inversive property [10] a
where Θ = πN + ǫ α ( θ). This property, together with Eqs. However, as we shall now see, they cannot be neglected ifh is not too small or if we are close to a (first order) bifurcation of a p.o. .
For the sake of definiteness, we consider the kicked-Harper model
Phase-space plots of the classical trajectories of the kicked-Harper map for different values of γ > 0 can be found in [7] : for γ → 0 + the dynamics is integrable (it tends to the Harper Hamiltonian); for γ ≃ 0.4 it is a mixture of regular and chaotic orbits, while for γ ≥ 0.6 unstable chaotic trajectories dominate. At the quantum level, some spectral and transport properties of the model were studied in [7, 11] .
We now compute the trace ofŨ for this model. The exact result is trŨ = N J 0 (γN) + 2
where the second curly brackets in the r.h.s. is identical to the first one except for the fact that 
where (w q , w p ) ∈ Z Z 2 . Let us briefly discuss the different solutions of Eq. 
while if w i < γ < w j one of the coordinates is real and the other one is complex. Concerning the stability of those orbits, generically tr M = 2 at γ n = n ∈ IN * for all the real p.o.'s emerging at that value of γ. When γ is increased, half of them are initially stable, the other half unstable; but very rapidly they become all unstable [12] .
Using the information described above we have computed semi-classically the trace ofŨ (for fixed γ and arbitrary N) including all the real as well as complex p.o.'s. The result is
where
and
In Eq. (11) (11) is the same for both kinds of orbits, but the complex orbits are exponentially dumped by a factor (or a product of factors) of the form exp(−NS I ), where
Because of that, complex p.o.'s with large winding number can in general be neglected. On the other hand, as γ approaches some integer value n from below, the contribution of the complex p.o.'s becoming real at γ n = n > 0 is particularly important, since the imaginary part of their action tends to zero. In fact, they remain important for parameter values relatively far from γ n , since S I ≃ 2/n(γ n −γ) 3/2 /3π as γ → γ n from below (the exponent 3/2 was also found for the kicked top and the standard map [4, 5] ). Moreover, because of the 1/ √ n dependence, the parameter interval in which complex orbits are important increases with γ (at a fix N). Exactly at γ = γ n Eq. (11) is not defined since the denominator of both sums in F (θ) vanishes due to the coalescence of several orbits. In order to avoid divergences we must improve the approximation, and include third order terms in the computation of the integrals for γ ≃ γ n using Airy functions [13, 3] . Including these corrections, we find that (11) reproduces extremely well the exact trŨ , even for small values of N.
In order to illustrate this, let us consider the extreme quantum limit N = 2. For the kickedHarper map, it can be shown that detŨ = 1 for arbitrary γ, N and θ, and then Θ = πN in Eq. (6) . From this it follows that for N = 2 all the information concerning the spectrum ofŨ is contained in trŨ, since Eq. 
